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Addessio and Johnson [1] proposed 
a constitutive model (ISOSCM) 
for the dynamic response of brittle 
materials (e.g., ceramics, high 

explosives, berylliums) based on the work of 
Dienes. Th ey assumed that during the damage 
process the distribution of cracks remains 
random and isotropic, and that the crack 
probability density function is exponential in 
the crack size. Th e macroscopic crack strains 
and an isotropic damage surface are found 
by averaging the crack strains as well as the 
instability condition for a single crack over 
all crack orientations. Th e resulting isotropic 
damage surface involves only the mean crack 
size, the von Mises stress and pressure, and 
takes two diff erent forms depending on the 
sign of the pressure. Th e damage evolution 
is given through the growth of mean crack 
size when the stress state is on or above the 
damage surface. Th e model is compatible 
with the incremental continuum formulation 
inherent to existing design computer codes 
and can be easily implemented into the codes. 
Th e model was applied to simulate damage 
in ceramics under impact conditions, and the 
predictions compared favorably with shock 
compression and release experiments. 

Due to its numerical effi  ciency and 
mathematical simplicity and its origin in 
micromechanics, the model has been adopted 
by many researchers as the starting point 
for their models. Bennett et al. [2] extended 
ISOSCM to include the viscous eff ects of 
the binder materials to study the non-shock 
ignition of a plastic bonded explosive. Lee 
et al. [3] adopted the damage surface and 
the crack growth law developed in ISOSCM 
for modeling damage of fi ber composites. 
Th ere are still two issues in ISOSCM that 
warrant further improvement, namely, (1) a 
discontinuity in the damage surface as the 
pressure in the material changes sign, and 
(2) when the principal stresses have mixed 

signs, only the open cracks should contribute 
to the open crack strain. In ISOSCM, 
however, whether a crack would contribute to 
the open crack strain or not depends solely on 
the sign of the pressure in the material, not on 
its orientation (hence the sign of the traction). 
As discussed by Lewis and Schreyer [4], 
both issues could lead to thermodynamic 
inconsistency, which manifests into energy 
creation under certain cyclic load paths. 
Th e objectives of the current work are to 
develop an improved version of ISOSCM and 
to apply it to problems of damage and spall in 
beryllium under dynamic loading. Here, we 
present our new formulation for the damage 
surface which removes the discontinuity in 
the damage surface in ISOSCM.

When the applied stress is large enough, some 
cracks in the material can become unstable 
and grow in size. We assume here that the 
material accumulates additional damage if 
the crack with average size c along some 
orientation is unstable. Th e generalized 
Griffi  th instability criterion for a single crack
is F c f v G c v( , , ) ( , ) – ( – ) / ( ( – )) ,σσ σσn n≡ =π γ2 2 1 0
σ where is the remote stress tensor, n the unit 
normal of the crack, γ the surface energy 
of the material, and the elastic constants G 
and ν are the shear modulus and Poisson’s 
ratio, respectively. Th e expression for the 
function f ( , )σσ n , which is proportional to 
the energy release rate, depends on whether 
the crack is open (the normal component 
of traction is tensile) or closed (the normal 
component is compressive and controls 
the interfacial friction, see [5] for details). 
Th e crack instability surface F c( , , )σσ n = 0  in 
the σn – Sn plane, along with the Mohr circles, 
which conveniently relate the normal and 
shear components of traction on a surface to 
the principal stresses, is given in Fig. 1. It is 
interesting to note that the instability surface 
for closed cracks coincides with the Mohr-
Coulomb failure envelope. Th e instability 
condition for a penny-shaped crack may 
provide a justifi cation for the Mohr-Coulomb 
criterion for brittle materials and the means 
to relate the cohesion constant to the defects 
(crack radius) in the materials. 

Th e damage surface for the material, 
F c( , )σ = 0, is found by applying the 
instability condition to the critical 
(most unstable) crack orientation. For a 
given crack size and stress state, the critical 
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crack orientation, nc maximizes the function 
f ( , )σσ n , and under the assumption of a 

random, isotropic distribution of cracks, the 
crack along that direction will fi rst become 
unstable when the applied stress is high 
enough. 

We have recently found [5] the critical crack 
orientation and determined the load that is 
needed for the crack along that orientation 
to become unstable. Figure 2 is a comparison 
of the new damage surface based on the 
instability condition of the critical crack 
orientation and that based on averaging the 
crack instability condition over all crack 
orientations [1] for the same set of material 
constants. Th e state of stress is taken to be 
triaxial with uniform lateral confi nement. 
Th e Poisson’s ratio and friction coeffi  cient are 
v = 0 25.  and µ = 0 2. , and the pressure and 
von Mises stress are normalized with respect 
to Pt =− πGγ /(c (1 − ν )) , the hydrostatic 
tensile stress the material can sustain before 
it accumulates additional damage. It may 
be observed that the surface based on the 
critical crack orientation is continuous, 
whereas the surface based on averaging 
has a jump in the von Mises stress as the 
pressure changes sign. It is also seen that 
both surfaces predict the same value when 
material is under hydrostatic tension, as 
expected, since in this case all orientations 
are equally critical and the two approaches 
are identical. Both approaches also predict 
no damage evolution (crack growth) under 
hydrostatic compression, consistent with 
crack mechanics. 

For a non-isotropic stress state (τ > 0), 
the current approach predicts less shear a 
material can sustain before additional damage 
accrues than the previous approach. Th is 
is consistent with the assumptions in the 
current approach that damage grows when 
the critical orientation becomes unstable 
while the previous approach assumes that 
damage can grow only when the “averaged” 
orientation becomes unstable. 
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Figure 2—
Comparison of the 
new damage surface 
and that developed 
previously [1].

Figure 1—
Th e instability surface 
of a penny-shaped crack 
under combined shear 
(sn) and normal (σn) 
stresses with interfacial 
friction. 




